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A Basis for the Cycle Space of a 2-connected Graph
STEPHEN C. LOCKE
Let G be a 2-connected graph with minimum degree d. I. Hartman proved that the cycles of
length at least d + I generate the cycle space of G, unless d is odd and G"" K d +1 ' We give a new
and simpler proof of this theorem.
For basic graph-theoretic terms, we refer the reader to Bondy and Murty [2]. We
consider only simple graphs. The length of a path or cycle is the cardinality of its edge
set. The cycle space of a graph G is the vector space of edge sets of Eulerian subgraphs
of Gover GF(2). It is well known that the cycle space of a connected graph with n
vertices and m edges has dimension s( G) = m - n +1.
Hartman [4, 5] proved the following.
THEOREM 1. Let G be a 2-connected graph with minimum degree d, where G is not
K d +1 if d is odd. Then the cycles of length at least d + 1 generated the cycle space of G.
A partial proof of this result is also contained in Locke [6, 7]. In this note, we complete
that partial proof.
Hartman's proof involves finding a representation for each cycle of G as the symmetric
difference of cycles whose lengths are at least d + 1. From this, it is possible to construct
a basis for the cycle space. It seems more natural, however, to search for such a basis
directly. This consideration motivated the following discussion.
The notation P[u, v] will be used to denote the segment of P from u to v; if P has
not been previously defined, we take P[u, v] to be any (u, v)-path. A graph is k-generated
if its cycle space is generated by cycles of length at least k: A graph is k-path-connected
if, for every pair of vertices x and y, there is an (x, y)-path of length at least k: We call
a 2-connected graph G a k-generator if G is k-generated and (k -l)-path-connected.
This last term is prompted by the following lemma, whose proof we include for the sake
of completeness.
LEMMA 1 [6,7]. Let G be a 2-connected graph which contains a k-generator. Then Gis
a k-generator.
PROOF. Let H be a k-generator contained in G and, subject to this, with the largest
number of edges. If H = G, there is nothing to prove. Thus we may assume that H '" G.
Let e = uv be an edge of G which is not in H. By Menger's Theorem [8], there are
disjoint paths p\[u, u '] and P2[v, v'] from {u, v} to V(H). (Either or both of these paths
may be trivial.) Since H is a k-generator, there is a path Q[u', v'] in H of length at least
k-1. Then
C = e. U {e} u P2 u Q
is a cycle of length at least k: We note that C is linearly independent of the cycles in H.
Furthermore, s(H u C) = s(H) + 1. Thus, if B is any basis for the cycle space of H,
B u {C} is a basis for the cycle space of H u C.
We need only show that H u C is (k -l)-path-connected. Let x and y be any two
distinct vertices of H u C. By Menger's theorem, there are disjoint paths R\[x, x'] and
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R2[y, y'] from {x, y} to V(H). Since H is a k-generator, there is a path S[x', y'] in H of
length at least k -1. Then R I U S U R 2 is an (x, y)-path of length at least k -1. Thus
H u C is a k-generator, contradicting the maximality of H.
COROLLARY 1. Let G be a 2-connected graph which contains a cycle of length at least
2d - 1. Then G is a (d + 1)-generator.
PROOF. A cycle of length at least 2d -1 is a (d + l l-generator.
Dirac [3] showed that any 2-connected graph with minimum degree d and at least
2d - 1 vertices contains a cycle of length at least 2d - 1. Thus we have the following result.
COROLLARY 2. Let G be a 2-connected graph with minimum degree at least d and with
at least 2d -1 vertices. Then G is a (d + I)-generator.
To complete the proof of Theorem 1, we only consider those graphs with at most 2d - 2
vertices.
THEOREM 2. Let G be a 2-connected graph with minimum degree at least d, and with
at most 2d - 2 vertices. Then G contains a (d + I)-generator unless d is odd and G = K d + l •
PROOF. We note first that d ;;:: 3 and that any pair of non-adjacent vertices in G have
at least four common neighbours. Hence, G is 4-connected or complete. Thus, for any
vertex v, G' = G - v is 2-connected, has minimum degree at least d - 1 and at most 2d - 3
vertices.
By Dirac's theorem, G' has a Hamiltonian cycle C. We note that C has length at least
d + 1 if G is not K d +1 ' Let X h X 2, ••• ,Xm denote the neighbours of v order cyclically
around C, and let
G" = C u {v} u {VXj: i = 1, 2, ... , m}.
Figure l(a) displays G" in the case m = 8. We shall show that G" is a (d + I)-generator.
When it is necessary to specify the direction in which C is traversed, we shall use C
for the direction consistent with the cyclic ordering and C for the opposite direction. For
1 ",; i ",; m, let C j denote the cycle in G" consisting of the section of C from Xi+1 to Xj,
together with the edges VXj and VXi+1 [see Figure l(b)]. We note that C j contains v and
all of its neighbours and thus has length at least d + 1. Set Co= C.
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FIGURE 1
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Consider the set of cycles B={C;}7'~-oI. We note that s(G")=(iE(C)I+m)-
(iV( C)I + 1) + 1 = m = IBI. Thus, B will be a basis for the cycle space of Gil if the cycles
in B are linearly independent. If possible, choose a non-empty subset I of {O, 1, ... , m -1}
such that
.:1 E(CJ =0.
iE I
(1)
Suppose that I -{O} is non-empty. Letj be the smallest element of I -{O}, and let ej = vXj •
Then ejE 6.iEI E(CJ, contradicting (1). Thus I -{O}=0, I =0, and B is a set of indepen-
dent cycles. Hence, B is a basis for the cycle space of G".
If G t= GKd + 1 then every cycle in B has length at least d + 1. If G == kd + 1 and d is even,
we note that
m
C = 6. E(Cj ) .
i=1
Thus
B'=(B-{C})u{Cm }
is a basis for the cycle space of G" and each cycle in B' has length at least d + 1. Therefore,
G" is (d + 1)-generated.
We need only show that G" is d-path-connected. For a vertex y on C, we shall use
a (y) to denote the first neighbour of v on C after y, and b(y) to denote the first neighbour
of v on C before y.
Consider any two distinct vertices y, z of G". If y = v, then the path
v, a(z), C[a(z), z]
contains every neighbour of v and thus has length at least d [see Figure 2(a)].
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Hence, we may assume that y, z ¢. v. If b(y ) = b(z) and y is between b(y) and z, then
C[z, b(b(y))], b(b(y», v, b(y) , C[b(y), y]
has length at least d [see Figure 2(b)]. Thus, we may assume that b(y) ¢. b(z). But then,
C[ y, b(z)], b(z), v, b(y) , C[b(y), z]
is a (y, z)-path of length at least d [see Figure 2(c)]. Therefore, G" is a d-path-connected
and, hence, G" is a (d + I)-generator.
We may now combine Corollary 2 and Theorem 2 to obtain the following generalization
of Theorem 1.
THEOREM 3. Let G be a 2-connected graph with min imum degree at least d, where
G ¢. K d + 1 if d is odd. Then G is a (d + I)-generator.
The methods presented in this note have proven useful in the proof of the following
theorem from [7].
THEOREM 4. Let G be a 3-connected graph with minimum degree at least d and with
at least 4d - 5 vertices. Then G is a (2d -1) -generator.
Bondy [1] has conjectured that Theorem 4 can be strengthened in several ways. For
example, it should be possible to replace the bound 4d - 5 by 2d.
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